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We investigate the integer Hall conductivity and longitudinal conductivity of sil-
icene under the magnetic field, electric field, and exchange field in this letter. We focus
not only on the low-temperature and δ-function impurities (i.e., independent of the
scattering momentum) case, which only exist the intra-Landau level transition, but
also on the case of inter-Landau level transition which also with the non-elastic scat-
tering. The resulting longitudinal conductivity is very different with the intra-Landau
level one at low-temperature. The exprssions of the Hall conductivity, longitudinal
conductivity, valley contributed Hall conductivity, and the spin or valley Hall con-
ductivity, are deduced in this letter. We also compute the dynamical polarization
under the magnetic field which is a important quantity and has many exciting and
novel properties, and with the screened scattering due to the charged impurities.
The polarization function here is also related to the Landau level index under the
magnetic field, and shows step-like feature rather than the logarithmically divergenas
which appears for the zero-magnetic field case, and it’s also naturally related to the
conductivity in silicene. The generalized Laguerre polynomial is used in both the
longitudinal conductivity and dynamical polarization function under magnetic field.
1 Introduction
Silicene, the silicon version of the graphene, has attachted much attentions both experi-
mentally and theoretically since it’s successfully synthesized together with it’s bilayer form
or nanoribbon form[1], and it has the properties of both the topological insulator (TI) and
semimetal, which provides possibility for the abundant phase transitions[2]. The low-energy
dynamics of silicene can be well described by the Dirac-theory. The silicene is also a 3p-orbital-
based materials with the noncoplanar low-buckled (with a buckle about 0.46 A˚ due to the
hybridization between the sp2-binding and the sp3-binding (which the bond angle is 109.47o)
and that can be verified by thr Raman spectrum which with the intense peak at 578 cm−1
larger than the planar one and the sp3-binding one [3], and thus approximately forms two
surface-effect (like the thin ferromagnet matter) lattice structure. The bulked structure not
only breaks the lattice inversion symmetry, but also induce a exchange splitting between the
upper atoms plane and the lower atom plane and thus forms a emission geometry which allows
the optical interband transitions, which for the graphene can happen only upon a FM substrate.
The FM or AFM order can be formed in monolayer silicene by the magnetic proximity effect
that applying both the perpendicular electric field and in-plane FM or AFM field. Silicene
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also has much stronger intrinsic spin-orbit coupling (SOC) and stronger interlayer interaction
compared to the graphene due to its heavier atom mass and low-bulked structure, respectively.
That also plays a important role during the phase transitions of silicene. In this letter, we
mainly investigate the integer Hall conductivity and longitudinal conductivity of silicene under
the magnetic field, electric field, and exchange field. The results reveal the Dirac-mass and
magnetic field dependence of the conductivities in the presence of the impurities, which behave
like a δ-function in the long-wavelength limit (q→ 0).
2 Theory model and method
In tight-binding model, the Hamiltonian of monolayer silicene in low-energy Dirac theory is
H =t
∑
〈i,j〉;σ
c†iσcjσ + i
λSOC
3
√
3
∑
〈〈i,j〉〉;σσ′
υijc
†
iσσ
z
σσ′cjσ′ − i
2R
3
∑
〈〈i,j〉〉;σσ′
c†iσ(µ∆(kij)× ez)σσ′ciσ′
+ iR2(E⊥)
∑
〈i,j〉;σσ′
c†iσ(∆(kij)× ez)σσ′ciσ′ −
∆
2
∑
iσ
c†iσµE⊥ciσ
+Ms
∑
iσ
c†iσσzciσ +Mc
∑
iσ
c†iσciσ + U
∑
i
µni↑ni↓,
(1)
where t = 1.6 eV is the nearest-neoghbor hopping which contains the contributions from both
the π band and σ band. The gap function is ∆(k) = d(k) · σ which in a coordinate in-
dependent but spin-dependent representation. The k-dependent unit vector d(k) here has
d(k) = [t′SOCsinkx, t
′
SOCsinky,Mz − 2B(2 − coskx + cosky)] for the BHZ model, where B is
the BHZ model -dependent parameter and Mz the Zeeman field term which dominate the
surface magnetization but can be ignore when a strong electric field or magnetic field is ap-
plied. 〈i, j〉 and 〈〈i, j〉〉 denote the nearest-neighbor (NN) pairs and the next-nearest-neighbor
(NNN) pairs, respectively. µ = ±1 denote the A (B) sublattices. Here d(kij) = dij|dij| is the
NNN hopping vector. λSOC = 3.9 meV is the intrinsic spin-orbit coupling (SOC) strength
which is much larger than the monolayer graphene’s (0.0065 meV[4]). R is the small instrinct
Rashba-coupling due to the low-buckled structure, which is related to the helical bands (helical
edge states) and the SDW in silicene, and it’s disappear in the Dirac-point (kx = ky = 0).
R2(E⊥) is the extrinsic Rashba-coupling induced by the electric field. The existence of R
breaks U(1) spin conservation (thus the sz is no more conserved) and the mirror symmetry
of silicene lattice. The exchange field M is applied perpendicular to the silicene and induce
the staggered potential term, and it can be rised by proximity coupling to the ferromagnet.
υij = (di × dj)/|di × dj | = 1(−1) when the next-nearest-neighboring hopping of electron is
toward left (right), with di × dj =
√
3/2(−√3/2). The last term is the Hubbard term with
on-site interaction U which doesn’t affects the bulk gap here but affects the edge gap.
The low-temperture longitudunal in-plane conductivity (diagonal) of silicene with the dom-
inating elastic scattering due to the charged impurity in linear response theory is[5]
σxx = σyy =
βe2
S
∑
m
fm(1− fm)〈m|vx|m〉〈m|vy|m〉
ω + iδ + iΓ
(2)
where S = 3
√
3a2/2 is the area of unit cell (Wigner-Seitz cell), β is the inversed temperature, m
denotes the electron state, ω = (2n+1)π/β is the fermionic Matsubara frequency where β is the
inverse temperature. vx =
∂
~∂kx
is the velocity operator. Here we use the retarded form by the
analytical continuation as iω → ω+iδ. The longitudunal conductivity is related to the interband
transmission, and the carriers collisions (especially under the magnetic field), and it also related
2
to the screened Coulomb scattering by the charged impurity with the transfered cyclotron
orbit when under the magnetic field with the cyclotron resonance frequency ωc =
√
2vF
ℓB
, where
ℓB =
√
~c/|eB| is the magnetic length which plays the role of quantized cyclotron orbit radius
in lowest Landau level (LLL) (n=0) R0 = ℓB and the quantized cyclotron orbit radius for n 6= 0
is Rn =
√
2nℓB. In this case, the kinetic energy of a single-electron is ∼ ~ωc[6]. It’s also found
that, with the increase of chemical potential, the spectral weight of intraband transition is rised
for the real part of longitudunal in-plane conductivity σxx[7, 8] The scattering rate Γ here is
defined as
Γ =
1
2τ
=
πn
~
V 2, (3)
where τ is the quasiparticle lifetime. Here the charged impurity density n is momentum-
independent for the single-impurity case. If the SOC is taken into consider in the collision
process of the impurity scattering as done in the explores of spin-Hall effect[23] with the pres-
ence of electric currence and the spin currence, the Γ becomes < 1
2τ
and thus the DOS may be
increased. In the domination of impurity scattering and with a certain impurity concentration,
the spin currence can be described by angle θ in Maxwell theory. with the spin-palarized cur-
rence perpendicular to the applied electric field which exhibit the quantum quantum anomalous
Hall (QAH) effect[9].
For the magneto conductivity, which is contributed by the diagonal (longitudinal) and nondi-
agonal (transverse) Hall conductivity. The former one is related to the interband transition and
the localized state Shubnikov de Hass oscillations, and it may leads to the transfer of cyclotran
orbit which with cyclotron resonance frequency ωc by the scattering in the presence of charged
impurities. The magnetic field B = (Bx, 0, Bz) = ∇×A is applied perpendicular to the silicene
and with the Landau gauge A = (−Bzy, 0, Bxy), and the momentum can be replaced by the
covariant momentum P = ~P+ e
c
A, which P = ~( y
ℓB
− ℓBkx+ ∂y) and P† = ~( yℓB − ℓBkx− ∂y).
For the transverse in-plane conductivity (non-diagonal) under the magnetic field, it’s
σxy =
i~e2
ωcSB
∑
En′>En,sz,η
[f(En)− f(En′)] 〈n|vx|n
′〉〈n′|vy|n〉
(En − En′)(En − En′ + ω + iδ + iΓ) , (4)
where the normalized velocity matrix elememts are
〈n|vx|n′〉 = vF
2
(s(1 +
m++D
En
)1/2(1− m
+−
D
En′
)1/2)δsz ,s′zδtz ,t′z(δn′,n−1 + δn′,n+1),
〈n′|vx|n〉 = iηvF
2
(−s(1− m
+−
D
En′
)1/2(1− m
++
D
En
)1/2)δsz,s′zδtz ,t′z(δn′,n−1 − δn′,n+1),
(5)
where s, s′ are the band index (ss′ = 1 for the intraband case and ss′ = −1 for the interband
case), and with the Dirac-mass as
mηszD = ηλSOCsztz −
∆
2
E⊥tz +Msz . (6)
where sz = ±1, η = ±1, tz = ±1 denote the spin, valley, and sublattice degrees of freedom, and
in our calculations, we set n′ = n+1, n ≥ 0 and n ∈ N . The Dirac-mass here, for simplicity, we
assume the sublattice index tz change sign when the sign of valley index η change, while the spin
index sz is independent of the valley transitions, which is since the spin flip or not during the
transition is all possible and depending on the properties of the edge states and the magnetic
impurities. Thus the superscript of Dirac-mass can be simplified as only contains η and tz. The
exchange field in this paper is always setted as M = 0.039 eV. The specific area here consider
the effect of magnetic field is SB = 2rB with rB = ℓ
2
Bq
2/2 under Cartesian coordinate and has
3
∫
qdq = (1/ℓ2B)
∫
drB. The eigenstates in the above velocity matrix elememt for the n 6= 0
Landau levels are
|n〉Ks,sz =
eikxx√
2
(
(1 +
m+sz
D
En
)1/2Φn
−s(1− m+szD
En
)1/2Φn−1
)
(7)
for the K valley, and
|n〉K ′s,sz =
eikxx√
2
(
(1 +
m−sz
D
En
)1/2Φn−1
−s(1 − m−szD
En
)1/2Φn
)
(8)
for the K ′ valley. While for the zeroth Landau level, it need to be treated separately due to its
specificity. They are
|0〉Ks,sz = eikxx
(
Φ0
0
)
(9)
for the K valley, and
|0〉K ′s,sz = eikxx
(
0
−sΦ0
)
(10)
for the K ′ valley. Thus the exchange of the valley won’t change the quantum numbers sz, s, n.
Φ are the orthonormal eigenstates of the Harmonic oscillatior (one-dimension here) or the
Landau level wave function, and note that the Φn = 0 for n < 0. Also, the (Φn,Φn−1)T is found
to be the eigenstate of the operator P√
2
(σx + iσy) +
P†√
2
(σx − iσy)[10].
The resulting integer Hall conductivity is σxy = 2(2n+1)
e2
h
for the case of zero Dirac-mass.
Here the parameter is 2(2n + 1) = 4n + 1/2, where the factor 4 here denotes the number of
degenerate (spin and valley) and 1/2 is related to the pseudospin winding number, which also
implies the anomalous integer quantum Hall effect. And it contains the filling factor ν = 2n+1,
which is different from that in the normal semiconductors which is ν = 2n. What we focus on is
the case of non-zero Dirac-mass, which is corresponds to the Hall conductivity σxy = (2n+1)
e2
h
,
which is consistent with the result of Ref.[11] for zero disorder case. However, this sequence
of plateaus is easy to be affected by the disorder with a finite strength due to the dopping of
impurities or the lattice defeats[12], which we will discuss in the follwing section. En denotes
the energy of the electron states (not the energy of hole state which is negative), and it’s
En =
√
2n~2v2F/ℓB + (m
ηsz
D )
2 for the n 6= 0 levels, and E0 = ηmηszD for the zeroth-Landau level.
Under magnetic field, the width of the Landau level (the broaden of the energy level) as
well as the quantized cyclotron orbit radius is proportional to disorder due to the exist of
scattering rate Γ = −ImΣ(ω), whose sign is the same as that of the Fermi frequency ω. where
the self-energy can be obtained self-consistently as[13]
Σ(ω) = −
∑
q
g(q)[f(k+ q) +
∫ ∞
−∞
dω
π
Imǫ(q, ω)
1− f(k+ q)
ω + µ− ǫ(k+ q) ], (11)
which contains both the contributions of exchange and the fluctuation dissipations. Thus the
scattering rate is related to the Fermi frequency during the electron propagation, and it’s
estimated as Γ = 0.1~ωc[14] here and scale as ∼
√
B for the weak magnetic field, and we also
neglect the dependence on the Landau level, i.e., the Γ is independs on n.
Under magnetic field and low-temperature (elastic scattering is dominate), the longitudinal
conductivity is only allowed for the intra-Landau level transition, however, in the present of
large band gap opend by the intrinsic SOC, the interband transitions are also limited. In
this case, the scattering wave vector is much smaller than the screened wave vector ks, which
is polarization-dependent as ks = 2πe
2Π(q, ω)/(ǫ0ǫ) and proportional to the Thomas-Fermi
wave vector. Then the screended scattering due to the charged impurities is governed by a
4
δ-like function and the Coulomb potential becomes q-independent. The q is zero only for the
elastic backscattering in which case the scattering potential is close to a δ-function similar to
the Lorentzian representation[15] and become q-independent. In this case, the longitudinal
conductivity is
σxx =
4π2e2Γ
TSBhωc
∑
n,sz,η
Fss′Enf(En)(1− f(En)δEn′ ,En(1− cos2θ), (12)
where Γ = πnimpV 20 /~SB with the coulomb potential V0 = e
2/2ǫ0ǫ, and the scttering rate Γ here
is consistent with the two-dimension eklectron gas (2DEG)[16] under the weak magnetic field.
The Coulomb interaction (scattering) matrix element here can be obtained from the three-term
recurrence relation of the Laguerre polynomials in Favard’s theorem
(n + 1)Lαn+1(rB)− (2n+ 1 + α− rB)Lαn(rB) + (n+ α)Lαn−1(rB) = 0, (13)
where α = |n− n′| = 0 here since only account the intra-Landau level transition, and thus
Fss′(k, (k+ q)) =
1
2
[
1 + ss′(
k(k + q)
EkEk+q
+
(mηszD )
2
EkEk+q
)
]
=
1
4
[
(2n+ 1)(1 +
mηszD
En
)4 − 2n(1 + m
ηsz
D
En
)2(1− m
ηsz
D
En
)2 + (2n− 1)(1− m
ηsz
D
En
)4
]
.
(14)
While the above θ is the angle between k and k + q, it has cosθ = 〈χ(k)|χ(k + q)〉 = (|k| +
|q|cosφ)/|k + q| where φ is the angle between k and q, and |χ(k)〉 = ψ∗s(k)ψs′(k), |χ(k +
q)〉 = ψs(k + q)ψ∗s′(k + q) is the eigenstates with the eigenvectors ψ of the Hamiltonian.
Note that here the scalar product are the simplification of 〈χ(k)| ∫ π/a−π/a e−iqrcosθdθ|χ(k′)〉 =
〈χ(k)|χ(k′)〉δ(k′,k + q). The two-dimension impurities scattering potential after the Fourier
transformation is V (ks) =
2πU√
(q)2+k2s
with the scattering wave vector q and screening wave
vector ks. with the coulomb potential U =
qq′
4πǫ0ǫ
where ǫ0 = 1 is the vacuum dielectric constant
and ǫ = 2.5 (air/SiO2 substrate) is the background dielectric constant. The scattering angle
has q = |k − k′| = 2k sinθ[17, 18], where θ describes the difference between the monentums
before scattering and after scattering, and it tends to zero θ → 0 for the SC silicene (deposited
on a SC electrode or generate the topological superconductor by the STM probe). The ∆k
is zero only for the elastic backscattering in which case the scattering potential is close to a
δ-function similar to the Lorentzian representation and become ∆k-independent. In this case,
the scattering potential is decay as 1/|ks|. Due to the exist of the impurities and lattice defects,
the quantum spin-Hall effect with the spin-polarized current may be more observable due to the
SOC with the impurities, even without applying the external exchange field or the electric field,
and it’s robust against the nonmagnetic impurity scattering. The longitudinal conductivity here
is purely real unlike the expression of conductivity in Eq.(2) and Eq.(4) which is complex as
long as the scattering rate Γ is variational for the different quantum number, and that’s also
distincted from the magneto-optical conductivity or dynamical optical conductivity in silicene
or graphene[8, 15], but it’s correct for analytical evaluation here for low-temperature[24].
For the large q case and with the non-negligible effect from the magnetic field, the above
scattering matrix element can be evalued as
F∗ss′ =
∫ ∞
0
rBe
−rB [(1 +
mηsz
D
En
)2L1n(rB) + (1− m
ηsz
D
En
)2L1n−1(rB)]
2
4
drB, (15)
for the n 6= 0 Landau levels, and
F∗ss′ =
∫ ∞
0
rBe
−rBdrB (16)
5
for the zeroth Landau level. The scattering rate now becomes
ΓB =
U20n
imp
4πrB
=
U20n
imp
πℓ2B
(17)
in the full self-consistent Born approximation, where the scattering momentum has q = 1/
√
2
here and since we put the magnetic field perpendicular to the silicene, the x-component of
scattering vector can be estimated as qx = 10
6m−1 in the experiment[24], thus the ΓB is
proportional to
√
B. In this case, the magnetic effects is much more important than the
thermal spacing, ~ωc ≫ kBT , and here ~ωc is proportional to the electric field and the square
root of the scattering rate ΓB. Then the resulting longitudinal conductivity can be obtained as
σ∗xx =
2πe2ΓB
TSBh2ωc
∑
n,sz,η
F∗ss′En[f(En)(1− f(En) + f(En′)(1− f(En′)]δEn′ ,En(1− cos2θ). (18)
At zero temperature, the spin and valley Hall conductivity has the regular form: For the
case of µ < mD and T = 0, the spin Hall conductivity and valley Hall conductivity are[20]
σsxy = −
e2
2h
[sgn(λSOC +M − ∆
2
E⊥) + sgn(λSOC +M +
∆
2
E⊥)],
σvxy =
e2
2h
[sgn(λSOC +M +
∆
2
E⊥)− sgn(λSOC +M − ∆
2
E⊥)];
(19)
while for the case of µ < mD and T = 0, they are
σsxy = −
e2
2h
[
λSOC +M − ∆2 E⊥√
2n~2vF/ℓB + (λSOC +M − ∆2 E⊥)2
+
λSOC +M +
∆
2
E⊥√
2n~2vF/ℓB + (λSOC +M +
∆
2
E⊥)2
],
σyxy =
e2
2h
[
λSOC +M +
∆
2
E⊥√
2n~2vF/ℓB + (λSOC +M +
∆
2
E⊥)2
− λSOC +M −
∆
2
E⊥√
2n~2vF/ℓB + (λSOC +M − ∆2 E⊥)2
],
(20)
While for low-temperature (not zero), the Hall conductivity of valley K reads
σKxy =
e2
h
{∑
n
(n+
1
2
)[f(En) + f(−En)− f(En+1 − f(−En+1))]
+
1
2
∑
n,η,sz
mηszD (
f(En)− f(−En))
En
− f(En+1)− f(−En+1))
En+1
)
}
,
(21)
and for valley K ′, it reads
σKxy =
e2
h
{∑
n
(n+
1
2
)[f(En+1) + f(−En+1)− f(En − f(−En))]
+
1
2
∑
n,η,sz
mηszD (
f(En+1)− f(−En+1))
En+1
− f(En)− f(−En))
En
)
}
,
(22)
For zeroth Landau level, which is thought to be in the bottom of the conduction band and with
zero energy here, has only half of the degeneracy of the other levels and depending on the sign of
eB. It’s not in the same place for valleys K and K ′ except for the particle-hole symmetry case,
and it’s either occupaied by the electron or the hole, however, to understanding the anomalous
6
integer quantum Hall effect compared to the normal semiconductors, the assumption of a
zero energy-level which shared by both the conduction band and valence band[14] is useful.
The gap does not affects the longitudinal conductivity in the zeroth-Landau level, since they
cancer each other in such case[14]. Here we note that, our above results can also be applied
to the bilayer silicene, which just need to replace the above eigenvalue (En) by the En =√
2n~2v2F/ℓB + (m
ηsz
D )
2±tinter, where sign± stands the upper layer and lower layer, respectively,
where the tinter is the interlayer hopping which we has been investigated in the previous works[7,
9, 21]. and the perpendicular conductivity[15] can be obatined throught the z-direction velocity
operator vz = t
interdσz/~ with the interlayer distance d and the z-component Pauli operator.
Finally, we know that the density of states in the silicene is related to the value of dynamical
conductivity and the dynamical polarization esperially in the long-wavelength limit (small q
limit). Then we deduce the dynamical polarization under different conditions. In static case,
in which both the conductivity and polarization doesn’t depends on the fermionic Matsubara
frequency,
Π(q, 0) = −gsgv 2e
2µ
2πǫ0ǫ~2v2F
[
mD
2µ
+
~
2v2Fq
2 − 4(mηszD )2
4~vFqµ
arcsin
√
~2v2Fq
2
~2v2Fq
2 + 4m2D
]
(23)
for 0 < µ < mηszD ,
Π(q, 0) = −gsgv 2e
2µ
2πǫ0ǫ~2v
2
F
[
1−Θ(q− 2kF )
(
~
2v2F
√
q2 − 4k2F
2~vFq
− ~
2v2Fq
2 − 4m2D
4µ~vFq
arctan
~vF
√
q2 − 4k2F
2µ
)]
(24)
for µ > mηszD . While in the absence of Dirac-quasiparticle scattering and with nonzero temperature[22],
the static polarization reads
Π(0, 0) = −gsgv 2e
2T
2πǫ0ǫv
2
F
[
ln(2cosh
mD + µ
T
)− mD
2T
tanh
mD + µ
2T
+ (µ→ −µ)
]
. (25)
In the zero-temperature limit, it becomes proportional to the density of states D of the Dirac-
quasiparticle which is a step function now
Π(0, 0)T→0 = −e2D(|µ|) = −e2 gsgv|µ|
2π~2v2F
1
2
∑
η=±1
[θ(|2µ| − 2|mD|η)] . (26)
Since we assume the scattering rate is independs on the Landau level index n due to the large
q character, that, at large momentum, the effect of magnetic-field is been weakened, and the
Landau level index can then even be replaced by the rB in the zero scattering case[25]. While
in the long-wavelength case (small q), the transitions between different Landau level index n
is important for the scattering rate. The scattering rate what we use here is still ΓB. The
resulting dynamical polarization in one-loop approximation and in non-static case with finite
scattering wave vector is[25]
Π(q, ω) = −gsgv e
2
4πℓ2B
∑
n.n′,s,s′
f(sEn)− f(s′En′)
sEn − s′En′ + ω + iδ + iΓQ(m
η,sz
D ) (27)
where we ignore the n-dependence of the scattering rate and set the frequency as 1 here, the
Dirac-mass term Q(mη,szD ) is
Q(mη,szD ) =e
−rBrB
[
(1 +
ss′(mη,szD )
2
EnEn′
)(
n!
n′!
(L1n(rB))
2 + (1− δ0n) (n− 1)!
(n′ − 1)!(L
1
n−1(rB))
2)
+
4ss′v2F~
2
ℓBEnEn′
n!
(n′−1)!
L1n−1(rB)L
1
n(rB)
]
.
(28)
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3 Simulation results and discussions
We first focus on the zero-gap (mD = 0) case where the electric field is 0.034 eV. In Fig.1(a),
we show the magneto-conductivity with electric field is 0.034 eV, and under the magnetic field
B = 1 T, low temperature T = 0.1 K. The resulting longitudinal conductivity and the valley
contribution are real, only the Hall conductivity is complex. Note that in Fig.1, for σxy, we
set the scattering rate Γ = 0.1~ωc (correspons to n
impV 2(q) = 4.23 × 109), while for σxx we
set the scattering rate as Γ = nimpπU0/~ which is similar with the 2DEG under the weak
magnetic field. The σxx shown in the Fig.1 contains the intra-Landau level transition (accounts
the n level only) due to the domination of elastic scattering, further, since we applied exchange
field in the small electric field case (Fig.1(a)) which is 0.034 eV now and leads to the gapless
band struture, there is a large peak in the zero chemical potential place (the charge-neutral
point). This large peak shows not oscillation behavior in the charge-neutral point, and thus
it’s independs on the electron concentration, unlike the other longitudinal conductivity or the
resistivity[24] which with finite µ. In fact, for gapless case as shows in this panel, the σxx won’t
vanish but exhibit a minimum plateau as e2/h (here is for the single spin component and valley
component case; i.e., don’t consider the spin and valley degenerate), which can be seen in the
real part of the Hall conductivity as shown in the Fig.1(a) and Fig.2(a). This minimum plateau
is independent of the Dirac-point singularity[24], but depends on the carrier imbalance and the
applied magnetic field like the filling factor as shown in Ref.[26].
While for the larger electric field as 0.0064 eV (Fig.1(b)) the peak in charge-neutral point is
vanish and the spin degeneracy is lifted, the resulting band gap opened by the collective effect
of intrinsic SOC, applied exchange field and the electric field, exclude the interband transition
(it will be more clear if the band gap is large enough), and results in the invariance of the
quantum number of sz, s, and η during the scattering, (The Zeeman splitting was neglected
here since it’s negligible in quantity until the magnetic field is larger than 20 T). In Fig.2,
we present the result of σxy with the impurities concentration n
impV 2(q) = 2.65 × 1010, We
surprised to find that the real part Hall conductivity Re[σxy] is close to the valley contribution
σKxy, but the conductivity also damping more quickly due to the increasing of the impurities
concentration also
Fig.3 shows the longitudinal conductivity (labeled as σ∗xx) with the inter-Landau level transi-
tions, which contains ont only the elastic scattering. We found that in this case the longitudinal
conductivity becomes double-peak, which is due to the inter-Landau level transition, even for
the n = 0 Landau level, and the double peaks in the n = 0 level are generally much larger
that other levels. The first peak of the n = 0 level is in the charge-neutral point for gapless
case and not in the gapped case, which is the same as the σxx in Fig.1 and Fig.2. The double
peak longitudinal conductivity shown in Fig.3 where the scattering rate is setted as Γ = 0.1~ωc
(nimpV 2(q) = 4.23×109), corresponds to the inter-Landau level transition from n to n′ = n+1,
and its peak is proportional to the scattering rate. That can be proven by the B = 2 T
curve, that when the magnetic field B is increased to 2T, the magnetic-dependent parameter
rB decreased and then enhance the scattering rate, we can see the resulting σxx is much larger
than the B = 1 one. That can also be explainted by the increasing of the inter-Landau level
transition, and the result here is consistent with Refs.[24, 14]. We can also see that, when
increasing the electric field to 5 eV, the longitudinal conductivity in n = 0 level is heavily
reduced, while the n 6= 0 levels are changed slightly, but becomes larger and shifted towards
the right compared to the E⊥ = 0.034 eV one.
Through Fig.4, we can see that the non-static Π(q, ω) is complex while static long-wavelength
one Π(0, 0) is real, and the Π(q, ω) is depends both on the electric field and the magnetic field,
while Π(0, 0) only depends on the electric field. From Fig.4(a), we found that when the electric
field increase, both the real part and the imaginary part of polarization shift towards the right.
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We also found that, under the magnetic field, the polarization function which is logarithmically
divergen when under zero magnetic field (as shown in our previous work[21]), becomes step-
like and Landau level-dependent. In B = 1 T, there are two peaks for the real polarization,
while there is only one peak for the imaginary part of the polarization. In B = 2 T, the two-
peak-feature vanish, and the polarization function act more like the Hall conductivity, i.e., the
step-like feature is more obviously. The static polarization function in long-wavelength limit
(q→ 0) and in the absence of Dirac-quasiparticle scattering with finite temperature, is shown
in the Fig.4(b), we found that it exhibits linear relation in the large chemical potential region
and the slope is independent of the electric field or magnetic field, but only related to the
temperature.
In this papaer we analytically investigate the conductivity of the silicene with a finite chemi-
cal potential, the integer quantum Hall conductivity and longitudinal conductivity are explored.
We not only investigate the low-temperature and δ-function impurities (i.e., independent of the
scattering momentum) case, which only exist the intra-Landau level transition, but also for
the case of inter-Landau level transition which also with the non-elastic scattering. We also
compute the dynamical polarization under the magnetic field which has many exciting and
novel properties, and with the screened scattering due to the charged impurities. In fact, the
screening here may also due to the plasmon collective model which we have discussed in other
place[7]. The polarization function is related to the interband and intraband transition prop-
erties, but under magnetic field, it becomes also related to the Landau level index and shows
step-like feature but not the logarithmically divergenas, as shown above, and it’s also naturally
related to the conductivity in silicene. The generalized Laguerre polynomial is used in both the
longitudinal conductivity and dynamical polarization function under magnetic field. For the
longitudinal conductivity studied in this letter, we takes account the collision of carriers with
large charged impurities, and ignore the unimportant diffusive effect, and thus it’s also related
to the Shubnikov-de Haas oscillation. In fact, for the bilayer silicene which with quadratic
dispersion near the Dirac-point, the electron-electron interaction doesn’t affect the cyclotron
energy under the magnetic field in equilibium electron system due to the Kohn theorem[27], but
for the monolayer silicene which with linear dispersion near the Dirac-point under the magnetic
field, the case is opposite.
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Figure 1: (Color online) Real part and imaginary part of the Hall conductivity σxy, longitudinal conductivity
σxy, and valley contribution to the Hall conductivity σ
K
xy as a function of the chemical potential (Fermi energy)
µ. For σxy, we set the scattering rate Γ = 0.1~ωc which correspond to n
impV 2(q) = 4.23× 109. Here we set the
~ = 1, T = 0.1 K, B = 1 T. For sigmaxx (only consider the intra-Landau level transition here) the scattering
rate is Γ = pinimpV 20 /~SB. The corresponding electric field and magnetic field are labeled in each panels.
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Figure 2: (Color online) The same as in Fig.1 but for nimpV 2(q) = 2.65× 1010.
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Fig.3
Figure 3: (Color online) The longitudinal conductivity σ∗xx under the electric field and magnetic field as a
function of the chemical potential, which contains the inter-Landau level transition and non-elastic scattering
here.
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Figure 4: (Color online) Non-static polarization function Π(q, ω) (a) and the static one in long-wavelength case
Π(0, 0) (b) under different electric field and magnetic field. The temperature is setted 1 T here and the Fermi
frequency setted as 1.
14
